
Chapter 9
Bayesian Econometrics

Rodney Strachan

Abstract This chapter provides a survey of the evolution of techniques used in
Bayesian econometrics. Since being first proposed in the 1700s, moving into the
fields of probability and statistics and then into econometrics in the 20𝑡ℎ century,
the Bayesian approach has, in the past 50 years, made contributions in most areas of
econometrics. Early approaches relied upon either analytical solutions or deterministic
approaches to approximating integrals with, it could be said, limited success. It is
possible that the lack of suitable tools limited the utility and broad adoption of the
Bayesian approach in econometrics until the late 20𝑡ℎ century. It was the arrival of
improved computational and algorithmic power that greatly increased the possibilities
for Bayesian inference. While computing power (computing speed and memory
capacity) and advances in computational algorithms have played an important role
in the take-up of Bayesian econometrics, a third influence was developments in
model specification. The chapter will identify the Bayesian inferential techniques
that have endured and found wide application. It will also discuss those that have
fallen into relative disuse, including some of which have later found new purpose and
re-adoption. The chapter concludes with a brief overview of broad areas of application
in empirical economics and the models and techniques used in those areas.

9.1 Introduction

In econometrics and much less statistics, the Bayesian approach spent much of the
twentieth century in the margins of applications and was on occasion the object of
intellectual controversy. Viewed with skepticism by some in the early part of the
century, it subsequently entered into a period of rapid methodological development
and expansion in its application from the 1970s on. The end of the last century saw it
become one of the central methodological frameworks in empirical economic
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analysis. The increase in the adoption of the Bayesian approach in econometrics was
aided by techniques, primarily computational algorithms, that leveraged advances in
computing speed and memory. Notwithstanding these many recent additions to the
Bayesian toolkit, techniques that were first employed in the 18𝑡ℎ century still find use
today, although often in ways their first proponents could hardly have imagined. This
chapter explores the historical development of Bayesian econometrics from its
origins through to its current state. The remit for chapters in this volume is to discuss
the techniques that have have fallen out of general use and those that continue to be
widely applied. This narrative does not fit the story of Bayesian econometrics so well
as many techniques do not die, so much, as lie dormant until they are reborn. That is,
the narrative is more one of techniques that have been usurped in their primary
purpose but have found new applications, usually in combination with new
techniques or methods.

There have been many excellent historical reviews of the Bayesian revolution
from a range of perspectives, some covering the people who advanced the Bayesian
approach, others covering the advances in computational techniques, their adoption
in statistics generally and, in some studies, more narrowly into econometrics. It is not
possible to mention all of the reviews related to Bayesian econometrics so I point to
only a few that have informed this chapter. BaŞtürk, Çakmaklı, Ceyhan and van Dijk
(2014) trace the adoption of Bayesian approaches, beginning with early criticism of
the likelihood methods used in Cowles Foundation Monographs, they then trace the
subsequent publication history of Bayesian econometrics. Although this paper begins
with a clear focus on Macroeconometrics and time series, starting with the structural
models of the 1950s, they do give attention to developments more broadly. In trying
to understand the path that Bayesian econometrics has taken, they use citation
analysis to track the publication and citation patterns among the major journals in
econometrics from the 1970s until early 2014. They point to clear patterns in
journals that publish frequentist and Bayesian papers. This work may prove
informative for the young researcher wanting to know where she should submit her
latest work. They also identify papers and authors that made substantial contributions
to Bayesian econometrics and briefly outline efforts to bring together statisticians
and econometricians. An excellent overview of the history of Bayesian computation
broadly, that is without a focus on econometrics, is presented in Martin, Frazier and
Robert (2024b). This paper identifies major developments over the 250 years
spanning the 1770s through to the 2020s. Koop and Korobilis (2010) give an
historical overview but with a narrow focus on time series methods in
macroeconometrics. A broad, somewhat earlier history is provided in Qin (1996)
with what could be called an update, providing excellent references to early Bayesian
econometric work, in Zellner (2008).

Useful textbooks for teaching Bayesian econometrics include Koop, Poirier and
Tobias (2007) and Chan, Koop, Poirier and Tobias (2020), with careful presentation
of techniques and their applications. Similarly, Geweke, Koop and Van Dijk (2011) is
useful for graduate students as it covers applications from economics and related
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disciplines, including macroeconomics, microeconomics, finance, and marketing. In
the final section of this chapter, general areas of application and some important
models are briefly discussed.

The techniques mentioned in this chapter tend to have wide application and so we
give only a few descriptions of their employment in empirical work. There are many
techniques developed for problems in specific areas such as finance,
macroeconomics, microeconomics and marketing. Only some of these will be given
a brief mention to keep the chapter of a manageable length. Finally, an effort is made
in writing this chapter to give a roughly chronological overview of the techniques
that have been used in Bayesian inference. However, as this is a story of techniques
that can apply in many settings, and often these techniques find new use in new
settings over time, a strict chronological sequence is not possible.

9.2 The Bayesian Framework

The Bayesian approach aims to quantify uncertainty about an unknown vector of
parameters, given a known sample of data. It is assumed that the data are generated
from the chosen model, taking into account the researchers’ beliefs about the
parameter. If there is uncertainty about the specification of the model, which there
usually is, then uncertainty about the model can also be accommodated in the
analysis. The parameters are related to the data via the likelihood and the beliefs are
captured by ‘the prior’ distribution of the parameters.

The posterior distribution of some function of the parameters is the object of
inference and can be accessed from the posterior density of the parameters
themselves. This posterior for the parameters can in turn be constructed as the ratio
of the likelihood times the prior density for the parameters, divided by the
normalizing constant of the posterior (the integral of the likelihood times the prior
with respect to the parameters). This normalizing constant is known as the marginal
likelihood and, importantly, is a measure of the empirical support for the model.
From the posterior, we are generally interested in expectations of functions of the
parameters and, in some cases, such as in forecasts, the data. Common examples of
functions of parameters include moments and indicator functions for events, such
that the expectation of that indicator is the probability of the event.

As suggested, the marginal likelihood is an important tool in model evaluation.
For example, if our model is in a set of models under consideration, and we have a
measure (the marginal likelihood) and a prior probability for each of these models,
we can compute the posterior probability of each model conditional upon a set of
models as proportional to the product of the marginal likelihood and the prior
probability of that model. The conditioning of the model probability on the set of
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models is important in that we usually assume the set is finite. An alternative to
model probabilities, which does not depend upon a finite model set and the prior
model probabilities, is to compare the evidence on two models at a time. That is, we
compute the Bayes factor as the ratio of the marginal likelihoods for two models.
When using Bayes factors and considering several models, it is common practice to
choose a base model, which is usually suggested by the problem under investigation,
and to then report for each model the Bayes factor for each model to the base model.

As discussed above, an aim in Bayesians inference is to estimate the expectation
of a function of interest and the evidence on models contained in the marginal
likelihood is a feature of the approach that distinguishes it from the frequentist or
sampling theory approach. This chapter will consider techniques that have been
developed and employed at various times for computing estimates of objects of
interest, model probabilities, marginal likelihoods or Bayes factors. For this reason,
the very light conceptual introduction presented above will be useful when
discussing these techniques, as well as for setting the framework for understanding
the Bayesian approach. This chapter will walk through many of the approaches that
have been used to obtain these estimates.

9.3 From Inception to Awakening in Econometrics

While there were many people who played a role in forming the ideas and then
bringing the Bayesian approach into econometrics, there are a few who stand out for
their importance. The Reverend Thomas Bayes passed away in 1761 without
publishing his eponymous theorem, or the application to which he was applying it.
After finding it among Bayes’ papers after his passing, Richard Price first presented
Bayes theorem in 1763 in his presentation of Bayes and Price (1763). The approach
was rediscovered and termed inverse probability by Laplace in 1774 (see Stigler
(1986)). While adoption of this approach was somewhat muted for the first 150 years
or so, it has made significant contributions to econometrics over the latter half of the
20𝑡ℎ century and into the 21𝑠𝑡 century. Arguments in the 20𝑡ℎ century supporting the
Bayesian approach generally came from work on logic (de Finetti, 1937), probability
(Ramsey, 1964) and frequentist statistics (Stein, 1956). It is difficult to point to the
beginning of this revival, having begun first in the areas of statistics and probability
before the 1950s and into the 1970s. For a relatively wide discussion of the orgins of
Bayesian analysis before being taken up in econometrics, see Fienberg (2006). For an
early example exploring the workhorse of econometrics, the linear model, see
Lindley and Smith (1972). By whatever path the Bayesian approach made its way
into econometric analysis, it is clear that Arnold Zellner, motivated by his reading of
Jeffreys (1939), played an important part in its promotion in econometrics (McLure,
Turkington & Weber, 2010).
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As highlighted in the introduction, a distinguishing and sometimes challenging
aspect of inference in modern Bayesian econometrics (or the Bayesian approach in
most areas) is the predominant aim of obtaining expectations of objects of interest,
such as parameters, losses, and probabilities. This contrasts with the frequentist
approach which relies upon obtaining optima such as in maximum likelihood
estimation or the various least squares approaches. For a long time, Bayesian
estimates for many problems were either inaccessible or very difficult to obtain with
any accuracy. This was due to the lack of closed-form expressions to these
expectations or the lack of accurate or even achievable deterministic approximations
in problems of reasonable dimension. As econometrics has progressed, with an
increasing understanding of the importance of data for informing decisions, we have
seen an increase in our ability to collect, record and retrieve data, as well as an
increase in the dimensions and complexity of models. Without progress in
computational techniques, the many high dimensional problems that present in
modern models would have proven impossible to investigate accurately or at all. We
begin with an overview of these early tools and move onto give a brief outline of the
many substantial developments, although not in a strict chronological order, to trace
the gains we have seen.

In his very first application of the Bayesian approach, Bayes attempted to evaluate
an expectation from the posterior using quadrature. This was only partially
successful and may explain why Bayes did not publish his work (Martin et al.,
2024b). The approach proposed a few years later, and apparently independently of
Bayes’ work, was the Laplace approximation (Laplace, 1986). This approximation
proved far more successful and remains in use today in ways that Laplace could not
have envisaged. In his paper, Laplace presented a proof of consistency of the
posterior in a specific application and, in developing the proof of this approach,
proposed an asymptotically valid approximation to posterior expectations of
functions of interest. His approach used a Normal and a second-order Taylor series
approximation to the posterior to obtain an estimate of the expectation.

Laplace was attempting to compute the probability in an interval for a Beta
posterior. Almost 200 years later, the approach he proposed began to attract further
interest in more general settings such as in Tierney and Kadane (1986) and Tierney,
Kass and Kadane (1989). This approximation has the advantage of speed and that it
relies upon relatively few, generally reasonable, assumptions. While not as widely
employed as many of the MCMC approaches, the Laplace approximation has found
further new use in a number of applications. In a recent example, which we discuss
further in this chapter, Rue, Martino and Chopin (2009) propose the integrated
nested Laplace approximation or INLA. Work on the same class of approximations
continues. Chan et al. (2020), for example, provide a range of Normal
approximations to the posterior that rely on assumptions that are met in most
applications. They place the Laplace approximation in this set of approximations,
however, the original approach continues to be proposed for more general and
complex processes (see, for example, Strachan & Inder, 2004 and Arellano &
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Bonhomme, 2009 for two very different settings).

One of the oft-stated advantages of the Bayesian approach is that it provides finite
sample inference. Having mentioned the Laplace approximation above, however, it is
worth pointing out to students interested in pursuing the Bayesian approach to
statistical inference, that they should be aware they will not escape the need to have a
good understanding of Asymptotic theory. This is certainly true of the MCMC
methods. Asymptotics have played an important role in achieving inference since
Laplace.

Modern interest in the Bayesian approach began to stir in the 1900s. Prior to
entering econometrics, however, much work appeared in the statistics literature first,
and many of the most successful tools were not originally presented for Bayesian
analysis.

Early applications in econometrics relied on analytical results or simple, often
one-dimensional, approximations. An early attempt to promote the use of Bayesian
analysis in economics was the presentation of conjugacy in Raiffa and Schlaifer
(1961) in the context of decision-making in economics. In their book, inference was
obtained either from numerical integration with respect to low-dimensional
distributions or, where possible, using analytical results. Work around the 1960s and
early 1970s tended to use such analytical results or numerical integration, or a mix of
both (see, for example, Chetty, 1968a, 1968b, and Drèze, 1976, 1977).

When investigating the linear regression model, econometricians are generally
interested in the values of the regression coefficients in the mean. Lindley and Smith
(1972) introduced the idea of incorporating prior beliefs into the estimation of the
linear Gaussian model. To introduce the algebra involved in Bayesian inference in
this model, the variance of the data was initially assumed known such that the
estimates, in this case the mode of the posterior distribution of the regression
coefficients, could be expressed in a closed form. With advances in prior
specifications (such as the inverse Gamma for the variance), this approach has been
replaced with the more satisfactory case of unknown variance.

As mentioned earlier, Arnold Zellner played a pivotal role in applying Bayesian
methods to econometrics and did much to promote its adoption, especially in
regression and simultaneous equations models. Importantly, he generalized from the
single equation models to multiple equation models and presented cases in which the
marginal posteriors and marginal likelihoods have closed form expressions. Within
this class of models, Zellner developed the Seemingly Unrelated Regressions (SUR)
model, an important case of which is the vector autoregression model, and
contributed to Bayesian model comparison and prediction. His 1971 textbook,
Zellner (1971), is still a useful first reference, and valuable introduction to the
necessary algebra, for graduate students moving into Bayesian econometrics.
Zellner’s textbook presents a range of analytical solutions to inference in models in
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common use in econometrics at the time, with the occasional reference to examples
of work in the literature using numerical integration. Numerical integration has
largely, but not entirely, disappeared from practice due to both the increasing
complexity of models and posteriors, as well as the increasing dimensions of the
marginal distributions that need to be explored.

Many of the analytical solutions in Zellner (1971) were possible because of the
use of convenient prior forms. However, modern applications require
higher-dimensional models and priors with attractive properties (other than
producing analytical solutions) that generally result in posteriors with no closed-form
solutions to marginal distributions. Fortunately, there have been a number of
methodological and technological changes over the past 50 years that have made the
Bayesian approach more accessible. An important methodological shift was the
introduction of sampling methods using computer-generated random draws to
explore the posterior distribution. The major technological shift that has occurred
can be described as improvements in computational power. The use of the term
‘computational power’ here is not intended to simply refer to the increases in
computation speed, including speed in accessing memory, or the decrease in the cost
of memory. There were also improvements in computational algorithms that were
able to, and often designed to, take advantage of this increased speed and memory in
producing random draws from the posterior. This chapter will outline a number of
important algorithms and the evolution of these computational solutions to
evaluating the posterior distribution.

While analytical results are remain useful for improving the efficiency of
sampling schemes, such as in the partially collapsed Gibbs sampler (van Dyk & Park,
2008), inferences based entirely on analytical results are rarely available. There has
also been a tendency for priors to work more as regularity functions, such as those
used in frequentist methods, in that they tend not to necessarily or only represent
prior beliefs. Rather, they have been designed to induce good finite sample, or good
forecasts, or asymptotic properties in the posteriors such as consistency or smaller
expected frequentist risk as in Ni and Sun (2003). Further, the integral of interest
may be highly nonlinear (see, for example, Geweke (1988)) and so not amenable to
analytical solutions. This has resulted in posteriors that do not lend themselves to
analytical integration.

9.4 Early Computational Methods

As Bayesian inference often requires the evaluation of integrals with respect to the
posterior distribution that cannot be solved analytically, asymptotic theory and
sampling approaches have been used to permit the estimation of such integrals. An
idea that opened up opportunities for inference was the application of asymptotic
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theory, not in the direction of the size of the data sample, but in the number of
random draws from a distribution. It was understood for a long time that it was
possible to use simulations, such as those produced using a computer, to approximate
draws from the posterior distribution. That is, if a sequence of draws ‘look’ like they
come from the distribution of interest, then, if some reasonable assumptions are met,
we can draw upon simple asymptotic theory to ensure that the sample average of
draws of the function of interest will converge to the expectation of that function
under the posterior.

An excellent example of the power of sampling to provide an answer to a complex
problem is presented in Geweke (1988). This paper presents a case of using a
Bayesian approach that resulted in inference not possible from a frequentist approach.
In that paper, Geweke evaluated the empirical support for a “ . . . third-order
autoregression with a pair of complex roots whose amplitude is smaller than the
amplitude of the real root.” Such a restriction would be difficult to evaluate without a
sample from the posterior, but is quite straightforward with one.

In the frequentist approach, arguments are made to justify the use of consistent
estimators in finite samples. Using the same arguments, Bayesians assume that, given
the size of the sample of data, the number of draws from the posterior is ‘large
enough’ to ensure that the error of the finite sample estimator is ‘small enough’.
Important distinctions between the application of this heuristic in the Bayesian use
are that Bayesians aim for inference with finite sample size, but can choose the
number of posterior draws, and so have some control over the size of the error. How
many draws are taken from the posterior, however, is not necessarily the relevant
measure of ‘large enough’ when the draws are a dependent sequence. If the draws are
dependent, such as those drawn from a Markov chain, then this number needs to be
adjusted for comparison with other ways of obtaining draws. The standard is to
compare to an independent sequence of draws. Bayesians tend to think of the
effective sample size (ESS) as an appropriate measure (see, for example, Chapter 11
of Gelman et al. (2013)). This is an adjustment to the number of dependent draws to
give a measure of the equivalent number of independent draws. The ESS provides a
relatively easy-to-understand, and compare, measure of the performance of a
sampling algorithm.

There was much literature on Bayesian computation from the 1970s through to
the end of the 1990s that was devoted to addressing the problem of efficiently
sampling from the posterior. Before we discuss those approaches, we begin with a
discussion of estimation without the need to draw from the posterior. One of the first
successful sampling approaches employed in Bayesian econometrics was importance
sampling. This approach was first proposed by Hammersley and Handscomb (1964)
for variance reduction, that is, to minimize the standard error of the estimate
resulting from a Monte Carlo simulation. The feature of this technique salient to
Bayesian computation is that it does not, as mentioned, require draws from the
posterior. As many posterior distributions for econometric models are difficult to
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draw from directly, importance sampling offered the opportunity to obtain Bayesian
inference in a wider class of models.

Rather than use draws from the posterior to compute the estimates of interest,
importance sampling uses a candidate distribution. Essentially, draws from the
candidate are re-weighted to match draws from the actual posterior. That is, the
expectation of a function of interest could be evaluated by taking advantage of a
simple algebraic identity such that, with a sequence of draws from the candidate, we
could estimate this expectation of the function by its weighted average where the
weights are, quite simply, the ratio of the posterior density over the candidate density.
While this estimator is an important variance reduction technique (Kroese, Taimre
and Botev (2011)), it is only useful when we know the full form of the posterior
density.

The requirements that must be met to employ importance sampling point to just
some of the challenges of this approach. First, estimation will be better if the
candidate distribution is chosen such that ‘looks like’ the posterior. Second, it should
be easy to obtain draws from this candidate. The tension between the first two points
are evident. Further, it is important to carefully choose the candidate density such that
it dominates both the posterior and the product of the posterior and the function of
interest (for which we seek the expectation). This is to ensure that weights are stable
which in turn ensures stability, in terms of having finite variance, of the estimator.

Another difficulty with the implementation of the importance sampler discussed
above is that we need to know the full posterior density. It is more common that we
only know the posterior up to the normalising constant or marginal likelihood. That
is, we generally know the likelihood and the prior for the parameters, but are not able
to evaluate the integral of the product of the likelihood and prior (the marginal
likelihood). There is a simple solution to enable importance sampling when the
marginal likelihood is unknown that involves a slight adjustment. That is, we divide
the sample average of weighted draws of the function by the sample average of the
weights. The presence of the weight in the ratio removes the need to know the full,
normalized, posterior since the normalizing constant (the the marginal likelihood)
cancels.

The paper Kloek and van Dijk (1978) introduced importance sampling to
Bayesian econometricians and, in an early application, Bauwens (1984) applied it to
inference in the simultaneous equations model. This approach became an important
early computational tool for Bayesian econometricians. The importance of Kloek and
van Dijk (1978) was that it first taught Bayesian econometricians of the virtues of
using sampling of parameters to obtain inference.

Kroese et al. (2011) give a useful discussion of the importance sampler, as well as
discussion of the importance of finding the best (minimum variance) choice of
candidate density. This leads into a discussion of how to minimize the variance of the
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estimator, and from there into the topic of cross-entropy (Kullback, 1959) which,
roughly speaking, involves concerns around measuring the difference between
distributions. Coming from information theory, cross-entropy has a number of uses
relevant to Bayesian econometrics such as to obtain candidate densities or marginal
likelihood estimation. Cross-entropy demonstrates attractive properties as shown in
Chan, Glynn and Kroese (2011) (and further developed in Chan & Kroese, 2012). It
has also proven useful in a number of applications such as in nonlinear Gaussian
state space modelling. Example applications include Chan and Strachan (2012),
Chan, Koop and Potter (2013), Chan and Strachan (2014) and Chan, Koop and Potter
(2016). However, cross-entropy has not yet been widely adopted as a related
approach that we will discuss later, variational Bayes.

While the importance sampler has the convenient feature of not requiring draws
from the posterior, it does require careful consideration of the candidate and the
weights to ensure existence of estimates. Using draws directly from the posterior
avoids the need to consider candidate densities and the behaviour of weights. Many
approaches have been proposed to use samples from the posterior to obtain inference.
A problem that existed in the early stages of Bayesian computation, however, and still
exists today is that it is often (usually) difficult or even impossible to sample from the
full, marginal or conditional distributions. Several early sampling methods faced
restrictions that meant Bayesian inference in even moderately complex economic
models was not possible. Consider, for example, the Inverse Transform Sampling,
which shares features similar to a technique labelled the Griddy-Gibbs in Ritter and
Tanner (1992). Both use the result that, for a random variable with a given
distribution, then the distribution will be uniformly distributed over the unit interval.
An implication of this is that the inverse of the distribution (as a function of the
uniform random variable) will have the same distribution as the original variable.
The inverse transform sampler uses this result directly whereas the Griddy Gibbs is
useful where the distribution, and so the inverse distribution, are known only up to
the normalizing constant. The clear limitation of these approaches is that they are
only applicable for scalars.

An early method that could, theoretically, produce draws from the full posterior
employed by Von Neumann was rejection, or rejection-acceptance, or accept-reject
(AR) algorithms. The AR method continues to find use in a wide range of
circumstances, although is rarely used as the primary sampler. Rather it tends to be
used as an enabling step in more generally employed samplers such as the Gibbs
sampler, similarly to how a Metropolis-Hastings (MH) step is often inserted into a
Gibbs sampler (against the advice of Chib & Greenberg, 1995). Indeed, Chib and
Greenberg (1995) point out that the rejection sampler shares similar features to the
Metropolis-Hastings. For example, the AR sampler uses draws from a candidate
density that are accepted with an appropriate probability to obtain independent draws
from the target density. Unlike the Metropolis-Hastings algorithm, however, this
approach can produce a non-Markovian, usually independent, sequence of draws
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from the posterior.

The acceptance-rejection (AR) sampler has a relatively simple structure. A
candidate draw of the parameter is obtained from a candidate distribution where the
candidate density times a constant (greater than one), is greater than the posterior.
This draw is accepted with probability equal to the ratio of the posterior density over
the constant times the candidate density. This outline of the algorithm helps point to
the well-understood limitations to this approach that have restricted its application.
The first issue is finding a value for ‘the constant’. Ideally this value would be as
small as possible since the acceptance rate is proportional to the inverse of the
constant. However, this requires finding the supremum of the ratio of the posterior to
the candidate density, which is rarely a simple exercise, even in only moderate
dimensions. The second issue is the choice of the candidate density. Ideally, this
would resemble the posterior in where it places mass. Again, this is not always easy
to obtain.

A wide array of adaptations of the AR algorithm have been developed over time
to better meet the needs of specific situations or to overcome the issues mentioned.
More recently, it has found extensive use when combined with other algorithms as in
the accept-reject Metropolis-Hastings algorithm (ARMH) (Tierney, 1994, and Chib
& Greenberg, 1995). The ARMH has proven useful in drawing from complicated
densities. For example, Chan et al. (2013) propose a model of bounded trend
inflation using a state space model. In this paper, the state variable – trend inflation –
has bounded support due to the imposition of inflation targets by the central bank.
This specification is extended to bound the NAIRU in Chan et al. (2016), again
resulting in a nonstandard posterior.

It is possible to improve speed and efficiency of computation in the ARMH
algorithm by using a so-called squeeze. This involves bounding the target density
with a (often piecewise linear) function and evaluating whether a draw from the
candidate meets this bound before further considering whether to accept (or reject)
the draw. Gilks and Wild (1992) present an adaptive acceptance algorithm in which
both the rejection envelope and the squeeze function converge upon the target density
as the sampling advances. While this approach has found considerable use in
statistics, there are fewer applications in econometrics, although some do exist.
Examples include sampling inefficiency factors in stochastic frontiers in Griffin and
Steel (2008). Kalli, Walker and Damien (2013) employ it in a nonparametric study of
financial returns, and Loddo, Ni and Sun (2011) in a stochastic model selection
approach.

Such approaches may be difficult to use in higher-dimensional settings. It is only
in a few high-dimensional cases in the literature that we are able to obtain direct
draws of the parameter vector from the full posterior. In such situations, we might,
instead, be able to take advantage of the structure of the posterior to obtain draws.
One such case results in the method of composition which produces direct and
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independent samples from the posterior (rather than from a candidate). Partition the
vector of parameters as two sets of parameters, then decompose the posterior into the
marginal distribution for one set of parameters and the conditional distribution for
the second set given the first. If we are able to directly draw the first set of parameters
from its marginal distribution and then draw the second set directly from its
conditional distribution conditional (i.e., conditional upon the first set), we will then
have a direct draw of all parameters from the full joint posterior. This approach
requires, of course, being able to draw from each of these marginal and conditional
distributions. A simple example where this situation arises is the general linear
regression model with a Jeffreys prior as in Chapter 8 of Zellner (1971). In these
cases, the choice of prior can imply that the covariance matrix will have an
inverted-Wishart marginal posterior, while the regression coefficients will have a
posterior conditional upon the covariance matrix, that is multivariate Normal. As it is
straightforward to draw from these two distributions, we can implement the method
of composition to obtain a direct sample from the full posterior.

While the idea of using draws from a distribution to estimate expectations of
functions of the variable was long understood, it was some time before it was applied
to Bayesian analysis. The challenge in this approach was to obtain draws from the
posterior distribution, particularly when the parameter space is of (even moderately)
high dimensions and when the normalizing constant of the posterior is not known.
This is often the case. A very early general solution to obtaining draws from such
‘difficult’ distributions was proposed in Metropolis, Rosenbluth, Rosenbluth, Teller
and Teller (1953). The approach was called, initially, the Metropolis Monte Carlo
Algorithm, or Metropolis Algorithm.

As with importance sampling, the Metropolis algorithm used draws from a
candidate density, but rather than re-weighting the function in the expectation, the
draw was accepted with probability that depended upon how much closer was the
new draw than the last to the highest region of probability under the posterior. The
original method produced a candidate at each iteration that was equal to the current
draw plus a uniform random variable centred at zero, and accepted with probability
(the acceptance probability) that is the minimum of one and the ratio of the posterior
evaluated at the proposed draw divided by the posterior evaluated at the previous
draw.

An attractive feature of this approach is that the computation of the acceptance
probability does not require full knowledge of the posterior. That is, we need only
know the posterior of the parameter up to the normalizing constant. This is an
advantage as this normalizing constant is often unknown or has no closed form
expression. The sequence of draws obtained using the Metropolis Algorithm, unlike
earlier sampling methods, was a dependent sequence, specifically a Markov Chain,
from the posterior. As the algorithm produced a Markov Chain, the emcompassing
methodology has been termed Markov Chain Monte Carlo, or MCMC. The
introduction of the MCMC approach to obtaining draws from the posterior
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distribution had an accelerating effect on the adoption of Bayesian econometrics
(Geweke (1989)) leading, via the Metropolis-Hastings method, eventually, to the
particularly powerful special case in the Gibbs sampler. Seminal papers in this area
include Geman and Geman (1984), Tanner and Wong (1987) and Gelfand and Smith
(1990). There are many excellent review articles on MCMC methods. For example,
some useful reviews can be found in Besag and Green (1993), A. Smith and Roberts
(1993), Geyer (2011) and Chib (2011), among many others. For an overview of the
early history of MCMC see Robert and Casella (2011).

The Metropolis algorithm was generalized by Hastings (1970) to permit draws of
candidates from a wider range of candidate densities. The power of this idea was that
it could provide an estimate of the expectation of interest using draws from a
distribution that was difficult to sample. This technique found extensive use in
physics (Chib & Greenberg, 1995) before it was later adopted into statistics and
applied to Bayesian computations generally, and eventually into econometrics.

The introduction of the Metropolis-Hastings algorithm was an important step in
the enabling Bayesian econometrics. However, the acceptance rate in the Metropolis
and the Metropolis-Hastings algorithms depended upon the choice of a constant in
the former and of the candidate density in the latter. These choices can have
significant impacts upon the acceptance rate of draws and, thus, the speed at which
the sequence converges to the invariant distribution. These choices necessarily
require some degree of calibration and often experimentation to find choices that
produce an acceptable sequence of draws. The Gibbs sampler, presented in Geman
and Geman (1984), was a much simpler, if not as broadly applicable, technique that
has proven incredibly powerful in enabling inference. Although the Gibbs sampler is
a special case of the Metropolis-Hastings algorithm, its simplicity is this sampler’s
most useful feature. The term Gibbs sampler was coined because Geman and Geman
(1984), who applied the sampler to the problem of image reconstruction (Ritter &
Tanner, 1992), were working with a posterior that had a Gibbsian distribution. The
same algorithm was presented in Tanner and Wong (1987) in their paper proposing
Data Augmentation, again, because this often simplifies computation.

The Gibbs sampler is very well known and one of the first samplers graduates
learn. We therefore give only it a brief overview. Partition the parameters into two
sets. It is often the case that draws of neither of these two sets of parameters is
possible from their marginal (that is, marginal of the other set of parameters). But it
may be that we are able to draw from the conditionals of each set of parameters,
conditional upon the other set. In this case, sequences of draws from these
conditionals can produce a sequence of draws whose convergent distribution is the
full joint posterior distribution. For an excellent and accessible explanation of this
result for the Gibbs sampler, and for the Metropolis-Hastings algorithm more
generally, we direct the reader to Chib and Greenberg (1995).
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We mentioned earlier the inverse-transform method of drawing from a target
distribution. The Griddy Gibbs of Ritter and Tanner (1992) uses a related approach
in that a histogram approximation to the conditional distribution of a scalar
parameter is constructed using a grid of values for the parameter. The inverse
transform method is then used to draw the nearest value on the grid as the current
draw. This process is repeated at the step to draw this parameter in each iteration.
While this is not as elegant as draws from a continuous support, and it is sometimes
computationally more demanding, it does enable draws from a scalar distribution
that is difficult to access. There remain questions with how fine to make the grid but
this technique continues to find use in a range of applications in econometrics, such
as Bauwens and Lubrano (1998), Ausı́n and Galeano (2007) and Droumaguet, Warne
and Woźniak (2017).

In a very promising approach to sampling difficult posteriors using Hamiltonian
dynamics, Duane, Kennedy, Pendleton and Roweth (1987) introduced the
Hamiltonian MCMC, or HMC, method as a Metropolis-Hastings algorithm. Neal
(2011) provides a nice overview of the journey of HMC from the study of motions of
molecules to Bayesian inference, as well as a clear introduction to its implementation.
There have been a number of interesting extensions to the original HMC such as
Nishimura, Dunson and Lu (2020) development of an HMC for discrete supports,
and the approach to sampling when the support is a 𝑑-dimensional manifold
presented in Byrne and Giralomi (2013).

More recently, HMC is seeing increasing numbers of applications in econometrics.
Already, it has been used in macro and financial applications. Choi, Jo and Kim
(2025) use HMC to estimate a time-varying parameter model of the Cobb-Douglas
production function. To estimate their multivariate financial time series model with a
single-factor copular model and stochastic volatility, Kreuzer and Czado (2021)
overcome the dimension limitations encountered with existing approaches by
developing an HMC sampler. In estimating a singular vector autoregression model
for a structural analysis of the US macroeconomy, Eisenstat and Strachan (2026) use
HMC to draw from both discrete mass functions for the VAR lag length and the rank
of the system using the approach in Nishimura et al. (2020). They also use the
extension of Byrne and Giralomi (2013) to draw from a Steifel manifold.

An important conceptual advance in the use of MCMC methods was the inclusion
of latent states (parameters) (“Gibbs Sampling for Bayesian Non-Conjugate and
Hierarchical Models by Using Auxiliary Variables” (1999)). An example of this is
the slice sampler of Neal (2003). This approach augments the parameter vector with
a latent state, or auxiliary variable, from a uniform distribution to draw from
posteriors of parameters that may be multidimensional. Chapter 8 of Robert and
Casella (2005) provides a good introduction to this tool and Herce and Salvador
(2026) outline interesting extensions.
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In another approach using latent variables, data augmentation (DA) has been used
to obtain inference in many otherwise inaccessible problems. This approach is
particularly useful when, and was first proposed for, applying the EM algorithm for
maximum likelihood estimation (Dempster, Laird & Rubin, 1977). Tanner and Wong
(1987) presented it as a solution to problems with missing data. More importantly,
they show how this technique can be applied for computation of posterior
distributions by taking advantage of the case where the likelihood or posterior
distribution are simplified when considered conditional upon augmented data.

In DA, the posterior is augmented with latent data with a predictive density
dependent upon the observed data. This could be useful in cases where it is difficult
to calculate the posterior, but we can construct an ‘augmented’ posterior, that is
augmented by some latent variable 𝑧, which is relatively easy to compute. If we are
able to augment the observed data with latent data to obtain augmented data in such
a way that we can draw the latent variable conditional upon the data (and marginal of
the parameters), then we can draw the parameters from their posterior conditional
upon only the observations by integrating out the latent variables. This
marginalization can be achieved by Rao-Blackwellizing the posterior of the
parameters condition upon the observed and latent variables with respect to the latent
variable. It is worth noting that the components of the DA sampler in Tanner and
Wong (1987) were the same as the well-known Gibbs sampler, but recognition for
introducing this has largely gone to Gelfand and Smith (1990). For careful textbook
treatment of the DA approach, see Chapter 5 of Tanner (1993).

The method of data augmentation can be used not only for simulating missing
values of data, but it can also be adapted to improve mixing and convergence of the
Markov chain for posteriors. One such approach is termed parameter expansion (for
reasons that will become obvious), and resembles data augmentation in that the
posterior is augmented, although with non-identified parameters rather than data.
The approach takes advantage of the structure of the posterior and mapping to new
parameter structures. Using a judiciously chosen non-identified model may,
according to Liu and Wu (1999), Meng and van Dyk (1999) and MacEachern (2007),
result in improved convergence of the MCMC chain. One application is the
parameter-expanded Gibbs sampling (PX-GS) algorithm for which improvements in
convergence and mixing can be achieved using ideas from Liu 1994 and Liu and Wu
1999. See, for example, the application to permit efficient estimation of the
Multinomial Probit in Lawrence, Liu, Bingham and Nair (2008), and in the static
factor model in Chan, León-González and Strachan (2018).

Going in the opposite direction to data augmentation, Liu, Wong and Kong (1994)
and Liu (1994) show that integrating out some parameters, or collapsing the
parameters, can provide significant improvements in efficiency and speed. This
approach skips draws of the parameters that have been collapsed out as in the
Partially Collapsed Gibbs sampler (or Collapsed Gibbs sampler) presented by van
Dyk and Park (2008). More specifically, if we have parameters a set of three
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parameters, but we are able to draw from the conditional posterior of the first
parameter, conditional on the second parameter but marginalised of the third, and we
can similarly draw the second parameter conditional upon on the first, we can draw
these before going on to draw the third parameter conditional upon the first and
second. That the draws of the first two parameters are taken marginal of the third is a
simple example of how the chain is collapsed.

An important property for an MCMC algorithm to have is that it converges to the
target distribution. If the Markov chain we are using has not yet converged, or is not
going to converge to the target distribution, the inference we obtain can lead to
inaccurate conclusions. A challenge arises in that, as we sample these distributions
because we do not know what they look like, convergence of the sample to the target
is difficult to determine. As such, there as been much work invested in developing
means of evaluating whether a Markov chain has converged. Consideration of such
issues come under the broad topic of diagnostic checking. We have already discussed
diagnotic checking when discussing the measure of effective sample size in which
we ask how close is the sequence of MCMC draws to one that is a set of independent
draws.

The topic of diagnostic checking has been extensively considered and we cannot
mention even a representative sample of the literature. Instead, we point to a few
articles that summarize the diagnostic tools. These include Cowles and Carlin (1996),
Cowles and Rosenthal (1998), Fan, Brooks and Gelman (2006), Chapter 4 of Geweke
(2005) and Chapter 5.4 of Gamerman and Lopes (2006). Accessible overviews of
many of the main techniques are provided in Gilks, Richardson and Spiegelhalter
(1996) and Roy (2020).

We briefly describe a few prominent examples of measures of convergence. As a
measure of accuracy of an estimate, the researcher can report the confidence interval
for the estimator. To compute the confidence interval, a standard error of the estimate
is required. As the sequence used to compute the standard error is correlated,
Geweke (1992) suggests an estimator of the standard error based upon the spectral
density. Making further use of this estimate of the standard error, Geweke (1992)
proposed another measure of convergence that has a standard normal distribution.
This measure is based upon splitting the sample of draws and comparing the early
draws with draws nearer the end of the run. This provides a very simple measure of
convergence. A relatively recent contribution is Fan et al. (2006) who use the
observation that the score of the target distribution is expected to be zero to provide a
measure of convergence for a vector of parameters. A measure far from zero,
therefore, indicates a lack of convergence.

If the Markov chain has not converged to the posterior distribution but has,
instead, become stuck in a region of high probability, it will not provide a good
replication of the full posterior. However, the above diagnostics may not pick up that
this has occurred. As an alternative to using just one sequence of draws, the
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researcher could use multiple sequences of draws with different starting points, to
evaluate whether convergence has occurred. Gelman and Rubin (1992) propose an
early approach to assessing convergence based upon the ratio of total variance to
variance within each sequence as measured by 𝑅̂ (which, by construction, will be
greater than or equal to one). It is expected that 𝑅̂ will decline to one as the sampling
continues, where a value of 𝑅̂ near one is taken as evidence of convergence. Note
that this approach does not guarantee that we have achieved convergence, since all
chains could become stuck in the same area. But it will likely increase the chances of
detecting non-convergence.

A central object needed for methods of obtaining Bayesian inference in all of the
approaches that we have discussed to this point, is the likelihood. Situations exist in
econometrics, however, where the likelihood is unknown, unknowable, or has no
closed form expression. This issue was recognized and a solution proposed using
statistics in Zellner, Hill and Fomby (1997) (see also Zellner, Tobias & Ryu, 1998).
This introduced the Bayesian equivalent of the method of moments, or Bayesian
method of moments (BMoM). This is not a technique that has seen widespread
adoption, although related approaches are showing more promise.

Another issue that can constrain full specification or exploration of the posterior
arises when the dimension of the model or the data set (‘Big data’) becomes
immense such that computation cannot be achieved in a reasonable time. This was
certainly true earlier when computing power and memory more constrained. As
memory and computing speed increased, many previously inaccessible models could
be estimated. However, model size and complexity have continued to increase, as has
the size of the data sets. Some data sets now exceed our computational limits. As
such, the constraints on computation have re-emerged and we have re-visited some of
the earlier techniques to address these limitations. One response to such situations is
to adopt approximate solutions, many of which have been developed and improved
upon more recently.

While there has not been substantial use or development of BMoM, Martin,
Frazier and Robert (2024a) discuss a range of methods, some of which share with
BMoM that they are built around using statistics rather than the whole sample. The
methods they consider, however, are showing more promise than BMoM in that they
are currently being more widely employed and there is considerable work on their
development. They provide an excellent taxonomy of the methods by, among other
features, their strengths and so give some guidance on appropriate areas of
application. The primary approximate methods they identify are Approximate Bayes
Computation (ABC), Bayesian synthetic likelihood (BSL), variational Bayes (VB)
and integrated nested Laplace approximation (INLA). These techniques assume the
posterior is not available, and offer different approximations to posterior inference.

The VB and INLA techniques both require access to the likelihood for the
underlying process, but rely on optimization to produce inference rather than a
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description of the full posterior that we get from MCMC samples. ABC and BSL, on
the other hand, do rely on simulation but not of the parameters from the posterior.
Instead, ABC draws parameters from the prior (which does restrict the form of the
prior that can be considered) and then, conditional upon these parameters, simulates
the data. A vector of statistics (which could be, for example, summary statistics or
the raw vector of data) constructed from the simulated data are compared to the same
vector of statistics from the observed data to obtain an inferred (but not direct)
measure of ‘closeness’ of the parameters to those of the underlying process. The
measure of closeness is based upon some (small) level of tolerance. BSL has a
similar objective as ABC, being to produce an approximate posterior based upon
statistics, but BSL makes use of a Gaussian approximation (for the distribution of the
vector of statistics) to the likelihood and does directly consider the distance between
the simulated and observed vectors of statistics.

The two approaches ABC and BSL use simulation to approximate the posterior.
By contrast, VB and INLA use optimization to obtain the approximation. VB aims to
approximate the posterior by minimizing the Kullback–Leibler (KL) divergence from
the approximating to the true posterior. This has the advantage over simulation based
methods, in certain situations, of speed as it can rely on numerical algorithms. Rue et
al. (2009) proposed INLA in which the Laplace approximation is combined with
numerical integration to provide a fast approximate method to Bayesian inference.
INLA is therefore a deterministic approach to obtaining approximations to marginal
posteriors and expectations. By using a mix of approximations of (conditional)
densities and numerical techniques to speed computation of operations with high
dimensional matrices and numerical integration of hyperparameters, this approach
can obtain accurate approximations of the posterior densities of interest. The
advantage of this approach is both the accuracy and the speed, relative to MCMC
methods for similarly large models.

At this point we diverge from discussing only estimation methods to discuss a
class of models and the methods for estimating these models. The linear Gaussian
state space model has found extensive use in econometrics, often from a Bayesian
perspective. A very useful textbook on the state space model is Durbin and Koopman
(2001), although for a Bayesian approach, refer to West and Harrison (1997). A
particularly successful seminal application in macroeconometrics can be found in
Primiceri (2005). Most Bayesian applications of the state space model use the
Kalman filter and smoother to produce estimates. These two estimators have very
different interpretations. The Kalman filter produces estimates from a posterior built
using only data up to the point in the sample at which the state occurs. We may
interpret these as the expectations that an economic agent would have given the
information available at that time. By contrast, the Kalman smoother produces
estimates using the all information available under the posterior. As with any other
estimate of an expectation under the posterior, these Kalman smoother outputs are
what we would normally regard as posterior estimates of the states. For technical
details on this distinction, see Durbin and Koopman (2001), and for a discussion of
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the different roles of inference from the Kalman filter and Kalman smoother in
Bayesian analysis, see Sims (2001).

A valid criticism of many time-varying parameter models is that they are specified
as linear Gaussian state space models; the point of the critique being that they are
linear and Gaussian. Recognition of these limitations and the many processes not
captured by such a model has led to new approaches, some Bayesian. An alternative
Bayesian approach to the extended Kalman filter for estimating non-linear and
non-Guassian state space models was proposed by Gordon, Salmond and Smith
(1993). This early sequential Monte Carlo (SMC) approach, previously know as the
particle filter (Gordon et al., 1993, and Kitagawa, 1996), used bootstrapping to
obtain a density for the state. The approach gave new life to importance sampling as
a way to generate from the very nonstandard distribution of the states (Handschin
and Mayne (1969)). As this approach will fail as the sample size increases, Gordon
et al. (1993) introduced a second selection step to readjust the importance weights.
This set of techniques allowed the range of state space models in econometrics to
expand to include a range of volatility models as discussed in Creal (2012) and An
and Schorfheide (2007) point to use in nonlinear DSGE models. An excellent
resource on SMC is the webpage built by Arnaud Doucet, Doucet (2026).

Unless one is willing to accept some bias in the estimates (Rebeschini and van
Handel (2015)), SMC is restricted in the dimension it can handle. Fortunately,
alternative approaches exist. Some of these were mentioned earlier as they employ
cross-entropy. These are Chan and Strachan (2012), Chan et al. (2013), Chan and
Strachan (2014) and Chan et al. (2016). This line of work couples cross-entropy with
a second order Gaussian approximation and the precision sampler of Chan and
Jeliazkov (2009) to produce estimates of moderately high-dimensional, possibly
non-linear, possibly non-Gaussian state space models in a range of applications.

9.5 Model Measurement and Comparison (Including Variable
Selection)

Model comparison and model selection are fundamental aims in econometrics and
the marginal likelihood and the Bayes factor play central roles in this function (Kass
& Raftery, 1995, Geweke, 2005, and Congdon, 2007). These concepts capture
evidence on the full range of questions, from the simplest such as the veracity of a
linear restriction, to comparing the evidence in support of alternative economic
theories. An attractive feature of the Bayesian approach is that it permits comparison
of models that do not nest. That is, there is no need for an encompassing model1. This

1 Although, as we will see, the existence of an encompassing model can prove useful for comparing
models.
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is because the marginal likelihood provides a measure of each model independent of
the measure for other models. The posterior model probability is proportional to the
marginal likelihood (the evidence in the data on the model) and the prior model
probability, which reflects the researcher’s relative belief in the veracity of the model.

In the Bayesian approach to model comparison, the marginal likelihood is useful
for computing the posterior model probability or for direct comparison of two
models via the Bayes factor. The posterior odds of one model to another model is the
posterior odds ratio, literally the ratio of the probabilities for the models. If the
models being compared are regarded as a priori equally likely, such that they have
equal prior probabilities, then the posterior odds ratio is the Bayes factor. More
generally, the posterior odds ratio is the product of the Bayes factor times the prior
odds ratio. Various techniques for estimating functions of the marginal likelihood,
Bayes factor or posterior probabilities have been proposed for different settings.
Again, the literature on this topic is extensive (see, for just a few examples, Dickey &
Lientz, 1970, Gûnel and Dickey (1974), Kass & Raftery, 1995, Verdinelli &
Wasserman, 1995, Chib, 1995, Frühwirth-Schnatter, 1999, Ardia, Baştürk,
Hoogerheide & van Dijk, 2012, Frühwirth-Schnatter, 2019, and Y. Li, Mallick,
Wang, Yu & Zeng, 2025). Llorente, Martino, Delgado and López-Santiago (2023)
provide a relatively recent review of these techniques.

In simpler cases, the marginal likelihood can be calculated analytically. For
example, analytical results are presented Zellner (1971) for a range of econometric
models that were important at the time, but these are mostly based around the linear
Gaussian model. A more recent application, also based upon the linear Gaussian
model, is presented in Fernández, Ley and Steel (2001a). In this paper, they authors
use a g-prior, as proposed by Zellner (1986). However, they do not rely entirely upon
these analytical results since the model set is too large to compute results for all
models. Instead, the approach is combined with the Markov chain Monte Carlo model
composition (𝑀𝐶3) introduced in Madigan, York and Allard (1995). The 𝑀𝐶3

algorithm draws models by taking steps from the current set of included regressors,
to a draw from a set that includes the current model and all models that add one or
subtract one regressor. Analytical results produce accurate and fast inference.
However, for more complicated models or non-conjugate priors, approximations to
the marginal likelihood are required and we consider a sample here.

Since analytical solutions do not exist in many situations, we can resort to
approximations. As discussed, an early approximation to marginal densities which
can be extended to the marginal likelihood, is the Laplace approximation. This
approximation comes with an error since it is a truncation of a series (see Ogden,
2021 and Shun & McCullagh, 1995). Given its simple structure and that it uses
readily available objects such as the posterior mode and the Hessian of the log
posterior, improvements continue to be suggested (e.g., Han & Lee, 2024).
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When reporting parameter estimates it is prefered that these are not reported
conditional upon other parameter values given these are generally not known. Rather,
the preference is to report estimates marginal of all other parameters. That is, we
integrate out other sources of uncertainty. It is often the case that interest lies not in
the restriction or even the model, but rather some outcome (such as a forecast or
impulse response) or other object that may be a function of the parameters (such as
an elasticity or a forecast). In this case, it is often preferable to avoid conditioning on
any one model so as to reduce specification bias and improve the external validity of
the inference. That is, just as we integrate out all parameters rather than condition
upon them, we would also like to average out the models. This naturally leads to the
concept of Bayesian model averaging in which the reported entity is the average of
outcomes from all considered models, weighted by the model’s posterior probability.
In such cases where we wish to account for model uncertainty, the posterior
probability of a model being true is an important object of interest and there are
many ways to compute or estimate this.

Information criteria (IC) provide a useful measure of the model, or its distance
from the true model where the distance measure has an information-theortic basis.
These IC are often reported in log form and can be related to the remaining entropy
(or uncertainty) left after estimating the model. Hence, the closer is the model to the
true model, the smaller or lower is the estimated IC measure. Pedogogically, we
present these criteria as made up of two components – one that captures how well the
model fits the data, and a second that induces a penalty for complexity. The overall
measure, therefore, trades off fit and parsimony. Extensively used in time series
analysis, for example, is the Schwartz-Bayes information criteria or BIC proposed by
Schwarz (1978) as a first-order asymptotic approximation to the (negative of the log
of the) marginal likelihood (also discussed in Kass & Raftery, 1995). There have
been a number of information criteria with Bayesian justifications proposed. For
example, among much interest in bringing the Bayesian approach into time series
analysis, Phillips and Ploberger (1994) and Phillips (1995) developed the PIC, or
posterior information criteria, specifically for time series analysis.

An important function of econometric analysis is providing advice for policy
action or decision-making generally, and perhaps the most commonly employed
output for this function is the forecast of economic variables. In a brief comment,
Geweke (2001) builds the argument from economic theory and the well-known
dictum of Friedman (1953) about the importance of an economic theory’s predictive
power, to support an argument for using Bayes factors and predictive likelihoods for
model evaluation. He shows that the marginal likelihood for a model can be
interpreted as the sequence of (in-sample) predictions for that chosen model, and the
Bayes factor is a relative measure of predictive performance. Rather than relying on a
single model, combining forecasts have been shown to perform well in a number of
settings (Petropoulos et al., 2022). Bayesian model averaging provides a natural and
theoretically sound framework for combining forecasts and this has been applied to a
number of problems (see, for example, Wright, 2008). For further reading, Steel
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(2011) discusses the role of variable selection, as a function of Bayesian model
averaging, in forecasting and a subsection of van Dijk (2024) outlines the importance
of microeconomic foundations to macroeconomic relations in forecasting.

Despite its mathematical elegance and theoretical appeal, Bayesian model
averaging has not become a default practice in inference, even when interest is not in
the models themselves but their outputs. Asymptotically, one model will have
posterior probability one in most circumstances which provides a limiting argument
for considering only the most preferred model. In finite samples, however, many
models may be informative on the object of interest. In considering forecasts,
specifically predictive densities, Geweke and Amisano (2011) promote the use of log
predictive scores in optimal prediction pools (of models). An attractive property of
this approach is that, even asymptotically, it is possible (and likely unless the true
DGP is in the model set) more than one model will have positive weight and so
contribute to the predictive density.

Another criterion developed for model comparison or selection when the models
have a high dimensional latent component, is the Deviance Information Criteria, or
DIC. The DIC, introduced in Spiegelhalter, Best, Carlin and Van Der Linde (2002)
with further discussion in Spiegelhalter, Best, Carlin and van der Linde (2014), has
advantages over both the BIC and Bayes factors in that, unlike the BIC, the DIC
takes into account prior information. It has an advantage over Bayes factors in that
DIC can be used with improper priors as it does not suffer from the
Jeffreys-Lindley-Barlett paradox. The DIC has seen increasing use, possibly due to
its suitability to complex models such as state space models and hierarchical models.
Initially missing from the literature, Y. Li et al. (2025) have recenlty provided a
decision-theoretic justification for the DIC.

For Bayesian model averaging, the weight for each model can be computed before
weighting the outputs (such as parameters or forecasts). An alternative approach is to
sample not only the parameters from each model, but also to sample the models
themselves. We have already mentioned 𝑀𝐶3 as one approach to doing this. Another
algorithm is the Reversible jump algorithm of P. J. Green (1995). The reversible
jump MCMC (RJMCMC) algorithm allows to draw from models that potentially
have different dimension parameter vectors. Another attractive feature of the
RCMCMC is that, as it uses an MH step to jump between models, it does not require
a closed form expression for the marginal likelihood. For an extensive coverage and
discussion of model averaging, the following selection of articles is useful: Raftery,
Madigan and Hoeting (1997), Wright (2008), Lamnisos, Griffin and Steel (2009) and,
for recent coverage of work in economics, see Steel (2020).

It is common in econometrics to question the inclusion of various explanatory
variables in a model, where exclusion implies the coefficient for that variable is zero.
The topic of variable selection is a natural area of application for model comparison
or model averaging and has attracted much attention generally. In particular, this
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topic received extensive focus in the Bayesian literature, primarily in the late 1990s
and early 2000s. A common Bayesian approach to this question is to report the
probability that the variable is included in the model, or the inclusion probability.
This question is related to model selection since the restriction induces a new, albeit
nested, model. However, when there are many variables, it is usual to report only the
marginal inclusion probability for each variable. Without the joint probabilities of
inclusion of all combinations of variables, it is not clear how to map to model
probabilities. Given the discussion above, it is worth mentioning here Sala-i-Martin,
Doppelhofer and Miller (2004). This paper uses model weights built from
information criteria and frequentist estimators of parameters to investigate the
support for various determinants of growth in a cross-country study. Fernández, Ley
and Steel (2001b), already discussed above with respect to computing the marginal
likelihodd, can be viewed as a more formal inferential method for the same question.
Another innovative application of variable selection with a g-prior is that to
non-parametric regression in M. Smith and Kohn (1996).

A sensible approach to variable selection is to take advantage of MCMC output
and particular shrinkage priors. A coarse name for one class of priors useful in
variable selection is the spike-and-slab prior such as proposed in Mitchell and
Beauchamp (1988). These priors place considerable weight or mass on the point of
exclusion, where the regression coefficient equals zero (the spike), but are fairly
uninformative about all other values (the slab). Although Mitchell and Beauchamp
(1988) first proposed an uninformative prior for the slab, it is now common to have a
slab component of the prior that is proper but relatively uninformative. An
alternative proposed by Brown and Griffin (2010) has, as a special case, a
generalization of the Bayesian Lasso of Park and Casella (2008).

George and McCulloch (1993) develop a computationally more efficient
algorithm than the approach of Mitchell and Beauchamp (1988), called Stochastic
Search Variable Selection (SSVS), using a mixture of normal priors. This approach
does not exclude parameters exactly, rather it heavily shrinks unimportant parameters
towards zero. Extending this to a high-dimensional setting, George, Sun and Ni
(2008) adapt this prior and the SSVS algorithm for the problem of imposing a degree
of parsimony upon a vector autoregressive model (see also Jochmann, Koop,
León-González and Strachan (2013)). Koop, León-González and Strachan (2009)
apply this approach to selecting which parameters vary – the mean equation
coefficients, the structural parameters or the volatilities – in a time varying parameter
VAR study of the evolution of monetary policy transmission.

Moving back from variable selection to direct computation of the marginal
likelihood and the role of MCMC output, we discuss here a number of approaches to
approximating the marginal likelihood that use the properties of the posterior to
suggest estimators. With the advent of MCMC algorithms, it seemed natural to use
the sequence of draws from the posterior to approximate the marginal likelihood. An
early approach that used the MCMC output, but which has largely fallen from favour,
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is the Harmonic mean of the likelihood. This estimator, the average of the inverse of
the likelihood, was presented in Newton and Raftery (1994) and, in the discussion
following that article, Neal (1998) pointed out significant limitations of this approach.
Most seriously, the estimator often has infinite variance (Chib, 1995) such that the
number of draws from the posterior “ . . . required for this estimator to get close to
the right answer will often be greater than the number of atoms in the observable
universe.” (Neal, 2008). Modifications that improve upon this aspect have since been
suggested.

Gelfand and Dey (1994) use the algebra of the integral to justify an alternative
estimator that improved upon the Harmonic mean. They address the instability of the
estimator by replacing the draws of the inverse of the likelihood by the ratio of a
proper density with thin tails, over the product of the likelihood and the prior. A
problem remained, however, in that it is sometimes difficult to judge a priori whether
the chosen density will have tails sufficiently thin. A solution to this problem was
proposed by Geweke (1999). Geweke’s solution was to use a multivariate truncated
normal as the weighting density, where truncation is to an ellipsoid with known
volume. The tails were, by construction, therefore thin (in fact zero outside the
ellipsoid). Also using MCMC output and very simple algebra of the identity relating
the marginal likelihood to the construction of the posterior, Chib (1995) presents a
simple estimator of the marginal likelihood. This estimator requires a value of the
parameter vector in a high mass area (some value that is contained within a small
Higher Posterior Density region) and an estimate of the full posterior. As the full
posterior is unknown (hence our need to estimate the marginal likelihood), the
MCMC output can be used in a Rao-Blackwellization of the appropriate conditionals
to provide an estimate of this component. Perhaps because it does not require
choosing a candidate density, and relies upon simple computations, Chib’s method
has been more widely adopted than the Gelfand-Dey approach or the Geweke
improvement.

The approaches described above can be applied to estimate the marginal
likelihood without reference to another model. However, we often wish to compare
models and so are interested in the Bayes factor, and here we are interested in the
case where these models nest within an encompassing model. A simple example of
this is in variable selection, where the encompassing model has all available
regressors of interest and the nested models have only a subset of regressors. In this
fortunate situation, this nesting feature can be exploited to produce estimates of the
Bayes factor and this can be achieved only using output from the encompassing
model. An approach that does this is the Savage-Dickey-Density-Ratio proposed in
Verdinelli and Wasserman (1995) (and see Dickey, 1971 for an early presentation of
the conditions for this approach). To employ this tool, however, a condition must be
met that the conditional prior for the unrestricted parameters conditional upon the
restricted parameters at the point of the restriction, equals the prior for the
unrestricted parameters in the restricted model. As convoluted as this condition
sounds, it is generally met trivially. For example, independent priors will meet this
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condition. This technique, therefore, has a reasonably wide range of potential
applications and we point to a few applications such as Koop and Poirier (2001),
Fernández, León, Steel and Vázquez-Polo (2004), Koop, León-González and
Strachan (2010), Kleibergen and Mavroeidis (2014) and Jarociński and Maćkowiak
(2017).

9.6 Applications with New Methods

This chapter has, to this point, focused upon techniques without much consideration
of the applications in which they have been employed. It is rarely the case, however,
that econometricians develop solutions without first facing problems that need
solving. As such, many methods are developed to address problems specific to
models or applications. Or to address new questions in new (often more complex)
model specifications for which satisfactory estimation techniques do not exist.
Similarly, as has been a theme of this chapter, existing methods find uses in areas
where they have not previously been employed. To fully explore the range of
examples of this link would require a chapter on its own. Instead, this section points
to applications in various areas of econometrics and the models or methods they
used. In doing so, this will hopefully give some idea of the association between
methods and models.

In macroeconometrics, Bayesian methods have found broad use in multivariate
time series models. An important mulivariate model that has found considerable use
in macroeconomics is the vector autoregression model (VAR) introduced into
econometrics by Christopher Sims (Sims, 1980) and Bayesian methods were
developed early for this model (Litterman 1980, 1986, Doan, Litterman & Sims,
1984, Kadiyala & Karlsson, 1997, and Sims & Zha, 1998).

Within the study of the transmission of monetary policy, Cogley and Sargent
(2002, 2005) developed the time-varying parameter VAR to capture the changing
economic and policy environment. These two models generated much discussion
about the role of model specification upon the empirical results and subsequent
conclusions about monetary policy. Many issues were addressed with the publication
of Primiceri (2005), which remains a gold-standard for commencing inference with
this model.

While they are very flexible and can capture an incredibly rich range of dynamics,
VARs have long been criticised for not being parsimonious. The dimension of the
parameter space for a VAR grows at rate of the number of variables squared, and so
many studies employed models with relatively small number of variables (e.g., it was
often the case that studies used no more than 10 variables in a system). Complex and
over parameterized models have been eschewed by forecasters as they are generally
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regarded as likely to produce high levels of uncertainty around their forecasts.
Bańbura, Giannone and Reichlin (2010) provided convincing evidence that this
opinion was not necessarily well founded, provided the appropriate priors (shrinkage
priors) were used. Their study compared VARs for 3, 7, 20 and 131 variables and
found forecast performance (measured by mean square forecast error) improved with
larger models. Importantly, they found that much of the gain in forecast improvement
was achieved once the number of variables reached 20. As an aside, it is worth
mentioning that this work provided an approach to mitigating another issue in VARs,
that of possible nonfundamentalness (Hansen & Sargent, 1980).

Another important model in macroeconomics is the dynamic stochastic general
equilibrium (DSGE) model. This macroeconomic model is built from
microeconomic foundations and econometric inference on this model has benefited
greatly by contributions from Bayesian methods. In an early attempt to improve and
modernize policy advice at the Federal Reserve Bank, Del Negro and Schorfheide
(2004) use a New Keynesian DSGE model as a prior for a Bayesian VAR. This work
was followed by many new papers (e.g., Smets & Wouters, 2007, An & Schorfheide,
2007, and Adolfson, Laséen, Lindé & Villani, 2007) developing this area of
application.

Bayesian methods have similarly proven useful in financial econometrics. An
important component of financial processes is their volatility with its attendant
relationship with risk. Two important papers that have improved modelling and
inference on volatility include Jacquier, Polson and Rossi (1994) and Kim, Shephard
and Chib (1998). Both consider stochastic volatility and demonstrate new methods
and improved inference. There have since been a great many applications and new
methods in finance using Bayesian methods, to the point that an entire chapter of a
volume (Johannes and Polson (2010)) is devoted specifically to the application of
MCMC methods in continuous-time asset pricing models. For a wide ranging
overview of developments in the literature on Bayesian methods in finance, we refer
the reader to the recent special issue of the Journal of Econometrics (Kumbhakar &
Mallick, 2026).

In developing their approach to computing the stochastic volatility model, Kim et
al. (1998) use a mixture of normals to approximate the distribution for an error term.
While the technique of using mixtures is not unique to Bayesian analysis, innovative
methods have been developed for their computation that have expanded the range of
applications. The stochastic volatility is one example of the use of mixtures in
Bayesian analysis with another major area of application being in Bayesian
microeconometrics. Finite Gaussian mixtures have found considerable application
since early work by Diebolt and Robert (1994) with many extensions including the
smoothly mixing regressions of Geweke and Keane (2007) and Villani, Kohn and
Giordani (2009). Many mixtures take advantage of a Dirichlet prior distribution as
discussed in Leslie, Kohn and Nott (2007) and P. J. Green and Richardson (2001).
Excellent sources for learning about finite mixtures are Frühwirth-Schnatter (2006)
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and Fruhwirth-Schnatter, Celeux and Robert (2019).

There has been a long and rich relationship between microeconometrics and the
Bayesian approach using tools such as data augmentation and with a general
treatment of latent variables. Processes relevant to microeconomics have been
studied by Bayesians since the 1980s. For example, an early econometric
applications were to dichotomous qualitative response models in Zellner and Rossi
(1984) and to the Tobit model in Chib (1992). Other contributions include Albert and
Chib (1993), Dellaportas and Smith (1993). We refer to Chapter 6 of M. Li and
Tobias (2011) for a useful overview. In addition to the limited dependent variables
(including binary, multinomial), Bayesian methods have found application in an
incredibly wide range of applications including duration models (Campolieti, 1997,
and M. Li, 2006), hierarchical models (Lindley and Smith (1972), A. Smith (1973)),
panel data (Chib, Greenberg and Winkelmann (1998), Chib and Jacobi (2007)),
choice modelling, count and binary data (Burda, Harding & Hausman, 2008), ordinal
data (Rossi, Allenby & McCulloch, 2012), treatment effects (Heckman, Lopes &
Piatek, 2014, Chib & Jacobi, 2007), hurdle/sample selection models (van Hasselt,
2011), and many more.

Many of the same modelling approaches used in Bayesian microeconometrics,
and some in macroeconometrics, can be found in the econometrics of marketing. A
very early Bayesian contribution specifically to marketing is P. E. Green and Frank
(1966). A number of useful reference sources include Rossi et al. (2012) and Rossi,
Allenby and Misra (2024).

9.7 Conclusion

The Bayesian statistical method lay relatively dormant for the first almost 200 years
after Bayes and Price (1763) and Laplace (1986). While it began to attract new
attention in the early stages of the 20𝑡ℎ century, it was not until the later half of the
century that econometrics began to fully embrace it. From the 1980s and 1990s, the
number of Bayesian applications in econometrics grew exponentially as methods and
computing power grew apace. This chapter has shown the process was not a
straightforward one of methods being developed, employed for a while and then
usurped by newer and better methods. Rather, methods often fell out of favour (such
as numerical integration, the Laplace approximation and importance sampling) only
to find new use later, often in combination with new methods (with, for example,
particle filters and INLA).

Today, there remain few areas of econometrics where the Bayesian approach has
not been applied. It is likely, however, that econometrics, and therefore Bayesian
econometrics will find new uses and in many of these cases, future problems will
likely be addressed by adapting existing methods to new problems. At the time of
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writing, we are seeing the rapid development of large language models in the
implementation of AI. It is not clear at this point whether the effect of these models
will be to increase our capacity to conduct research and so open new opportunities
for research, or lead to new problems for economists, and therefore econometricians,
to address. It is likely we will see both of these outcomes. Already, the Bayesian
approach has begun to influence the functioning of large language models as
evidenced by Qiu et al. (2026) who show how a Bayesian approach can improve their
ability to update their beliefs.

In one of his last publications, Herman van Dijk considered the future of Bayesian
econometrics. Specifically, in van Dijk (2024) he identified six challenges for society
that will provide research opportunities. The importance of Bayesian econometrics,
in its many forms, will continue to provide new answers to existing and previously
unseen problems.
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Drèze, J. H. (1976). Bayesian Limited Information Analysis of the Simultaneous
Equations Model. Econometrica, 44(5), 1045–1075.
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